
NCTS Industrial Statistics Research Group Seminar: 
Introduction to PCA 

Introduction to the Development and 

Applications of Process Capability Analysis 

吳建瑋 (Chien-Wei Wu) 

國立清華大學工業工程與工程管理學系(所) 

2013/11/22 



NCTS Industrial Statistics Research Group Seminar: 
Introduction to PCA 

2 

Outline 

• Objectives of Process Capability Indices (PCIs)  

• An Overview of PCIs 

– Cp, Cpk, Cpm, Cpmk and CPU, CPL (one-sided) 

• The PCIs and Quality Assurance 

– Process Consistency, Process Centering (Targeting), 

Process Yield, Process Loss 

• Sampling Distribution of the Estimated PCIs 

• Capability Testing Based on PCIs 

• Applications of PCIs 
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Background 

• As rapid advancement of the manufacturing technology, 

suppliers require their products be high quality with very 

low fraction of nonconformities (often measured in PPM, 

parts per million).  

 

• Traditional methods for measuring fraction of 

nonconformities become inapplicable since any sample 

of reasonable size likely contains no defective 

product items. 
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The probability that contains at least one defective item of the collected 

sample for various process yield and the fraction nonconforming in PPM 
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Sample size required for the sample to contain 

at least one defective item with prob. 0.95 

ppm 
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Process Capability Indices (PCIs) 

• For this reason, recently developed process capability 

indices (PCIs), including Cp , CPU , CPL , Cpk , Cpm and 

Cpmk , have received substantial attention in the 

manufacturing industries, and become the common 

language for process quality between the customer and 

the supplier, both internally within the organization and 

externally. 
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Objectives of PCIs 

    Tsui (1997) : 

•   Compare process performance with specifications 

•   Compare among different processes  

      (unitless measures) 

•   Provide information about processes:  
– Process Consistency 

– Process Centering (Targeting) 

– Process Yield 

– Process Loss 

•   Provide direction for quality improvement 
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The Index Cp 

• Definition (Juran (1974), Kane (1986)) 

 




 

Specification  spread
,

Process  spread 6
p

USL LSL
C

Process Capability Ratio 

Process Precision Index 

Process Potential Index 
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Cp depends on process variation 
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Typical areas under  

the normal curve 
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The Weakness of Cp 

• The Cp index measures the magnitude of the overall process 

variation relative to the manufacturing tolerance 

• It has been criticized for its inability to reflect those situations where 

the process is not centered (i.e. μ ≠ M ) 

Various processes with equal value of Cp  
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Capability ratings for  

various Cp values  
             Cp range              capability rating 

         2.00 <= Cp                            Super / Terrific 

           1.67 <= Cp < 2.00                  Excellent 

           1.33 <= Cp < 1.67                    Good 

           1.00 <= Cp < 1.33                     Fair 

           0.67 <= Cp < 1.00                     Poor 

           0.00 <= Cp < 0.67                   Terrible  
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The Index Cpk 

• Definition (Kane (1986)) 

| |
min ,

3 3 3
pk

USL LSL d M
C

    
  

 

  

  

The index Cpk was developed by taking the magnitude of  process 

variation as well as process location into consideration.  

 

where ( )/2, ( )/2d USL LSL M USL LSL   
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The Index Cpk 
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The Index Cpk 
10 18 14 
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The Index Cpk 

• The index Cpk  has been regarded as a yield-based 

index since it provides bounds on the process yield for 

a normally distributed process given a fixed value of 

Cpk >0 (Boyles(1991)). That is 

2 (3 ) 1 100% yield (3 ) 100%pk pkC C        

6 61 (3 ) 10 NCPPM 2 1 (3 ) 10pk pkC C           
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The bounds on nonconforming units in PPM 
versus Cpk 

The bounds on NCPPM versus Cpk  

Unit: PPM  
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Unit: PPM  
The bounds on NCPPM versus Cpk  
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Some minimum capability requirements of Cpk 

for processes (Montgomery (2005)) 
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Capability Indices with Sigma Level  

σ level 

μ = M  

(best case) 

μ Shift 1.5σ 

(worst case) 

Cp NC in PPM Cpk NC in PPM 

3 1 2700 0.5 66810 

4 1.33 63 0.833 6210 

5 1.67 0.57 1.167 233 

6 2 0.002 1.5 3.4 
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The Indices CPU and CPL 

• For the unilateral tolerance situation where only a single specification 

limit is given, Kane (1986) considered the following indices as 

The index CPU measures the capability of  a smaller-the-better 

process with an upper specification limit USL, whereas the index CPL 

measures the capability of  a larger-the-better process with a lower 

specification limit LSL.  

3
PU

USL
C








3
PL

LSL
C
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One-sided Indices and Process Yield 

• Process yield and the indices CPU and CPL 

The indices CPU and CPL  provide exact measures on process yield 

for processes with one-sided specifications 
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One-sided Indices vs. Process Yield 
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Some Minimum Capability Requirements  

of CPU (or CPL) for Processes 
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The Index Cpm 

• Definition (Hsiang and Taguchi (1985), Chan et al. (1988)) 

2 2 26 ( ) 6 [( ) ]
pm

USL LSL USL LSL
C

T E X T

 
 

   

The item E[(XT)2] incorporates two variation components:  

(i) variation to the process mean 

(ii) deviation of  the process mean from the target 

Taguchi capability index, Loss-based index 
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Example: TV sets from Sony 
Japan vs. USA 
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The Index Cpm 
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The Index Cpmk 

• Definition (Pearn  et al. (1992)) 

2 2 2 2 2 2

| |
min ,

3 ( ) 3 ( ) 3 ( )
pmk

USL LSL d M
C
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The index Cpmk alerts the user if  the process variance increases 
and/or the process mean deviates from its target value 

It is constructed by combining the yield-based index Cpk and the 
loss-based index Cpm  

Third-generation capability index 
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Cpm vs. Cpmk 

Cpk ≧ Cpmk  

Cpm ≧ Cpmk 
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Relationship among PCIs 
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Superstructure of Capability Indices 

• Vannman, K., Kotz, S. “A superstructure of Capability Indices: 
Distribution Properties and Implications,” Scandinavian Journal 
of Statistics, 22, pp. 477-491, 1995. 

• Vannman, K., Kotz, S. “A superstructure of Capability Indices: 
Asymptotics and its Implications,” International Journal of 
Reliability, Quality and Satety Engineering, 2, pp. 343-360, 1995. 
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The PCIs and Process Yield 
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The PCIs and Process Yield 
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The PCIs and Process Centering 
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The PCIs  vs. Quality Assurance 
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• The assumptions should be satisfied  

– Normality, symmetric tolerances and stable. 

• Cp ≧ max { Cpk、Cpm } ≧ Cpmk. 

– That is, Cp ≧ Cpk ≧ Cpmk and Cp ≧ Cpm ≧ Cpmk. 

• All indices have their meanings for the 

quality improvement. 

• Customers or producers could select a 

suitable index by their purposes. 

Summary 
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Statistical Inference 
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Statistical Inference 
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Estimation 

• A point estimate of those indices is unreliable since the sampling 

errors have been ignored  

• A reliable approach for measuring process capability is to establish 

confidence intervals or via capability testing  

• In the literature, several authors have promoted the use of various 

process capability indices and examined with different degrees of 

completeness. (see Chou et al. (1990), Choi and Owen (1990), Bissell 

(1990), Li et al. (1990), Zhang et al. (1990), Kirmani et al. (1991), Franklin 

and Wasserman (1992a), Kushler and Hurley (1992), Kotz et al. (1993), 

Kotz and Johnson (1993), Nagata and Nagahata (1994), Chen and Hsu 

(1995), Vännman and Kotz (1995), Tang et al. (1997), Zimmer and Hubele 

(1997), Vännman (1997), Pearn et al. (1998), Hoffman (2001), Zimmer et al. 

(2001), Pearn and Lin (2002, 2003), Pearn and Shu (2003a) for more details).  
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Estimation of Cp 

• Estimation of Cp  

ˆ
6

p

USL LSL
C

s


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2 1/2

1
[ ( ) /( 1)]

n
ii

s x x n


        where                                            is the sample standard deviation, 

which can be obtained from a stable process. 

Pearn et al. (1998) obtained an unbiased estimator (UMVUE) of  Cp 

by adding a correction factor as  
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Sampling Distribution of the Estimated Cp 

• Under the assumption of normality,  

 

 

 

 

 

• Chou and Owen (1989) obtained the probability density function 
(p.d.f.) of 
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Confidence Interval for Cp 

• Confidence interval for Cp 

 

 

 

 

 

• Critical value for capability testing 
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Estimation of  Cp Based on Control Chart Samples 
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Hypothesis testing for Cp  

based on Xbar-R Chart Samples  
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Hypothesis testing for Cp  
based on Xbar-R Chart Samples 
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Hypothesis testing for Cp  
based on Xbar-S Chart Samples 

 Critical value                             Lower confidence limit 
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Estimation of Cpk 

• Estimation of Cpk  
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Sampling Distribution of the Estimated Cpk 
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Sampling Distribution of the Estimated Cpk 
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Approximate Confidence Intervals 
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Sampling Distribution of the Estimated Cpk 
(Pearn et al. (2004)) 
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Capability Testing Based on Cpk 
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Critical Value vs Parameter ξ=(μ-M)/σ 

c0 

c0 

 

  

c0 

c0 
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Lower Confidence Bound on Cpk 
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P-Value 
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Critical Values for Cpk=1.00 
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Critical Values for Cpk=1.33 
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Critical Values for Cpk=1.50 
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Testing Procedure 
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A total of 60 observations collected from factory 
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An Example 
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An Example 

• On the other hand, 
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Comments 
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Estimation of Cpm 

• Estimation of Cpm  (Chan, Cheng, Spiring (1988), Boyles (1991)) 

( )
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Sampling Distribution of the Estimated Cpm 
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Sampling Distribution of the Estimated Cpm 
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Approximate Confidence Interval for Cpm 
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Sampling Distribution of the Estimated Cpm 
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Capability Testing Based on Cpm 
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Critical Value vs Parameter ξ=(μ-T)/σ 

Cpm=1.00 and Cpm=1.33 for various sample size 
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Lower Confidence Bound on Cpm 
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P-Value 



NCTS Industrial Statistics Research Group Seminar: 
Introduction to PCA 

75 

Critical Values for 

Cpm=1.00 
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Estimation of Cpmk 

• Estimation of Cpmk 
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Sampling Distribution of the Estimated Cpmk 
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Sampling Distribution of the Estimated Cpmk 
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Approximate Confidence Interval for Cpmk 
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Sampling Distribution of the Estimated Cpmk 
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Capability Testing Based on Cpmk 
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P-Value 
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Critical Value vs Parameter ξ=(μ-T)/σ 
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Estimations of CPU and CPL 

• Estimations of CPU and CPL 

ˆ
3

PU

USL x
C

s


 ˆ

3
PL

x LSL
C

s




Pearn and Chen (2002) obtained the UMVUEs of  CPU and CPL  by 

adding the correction factor to          and         as ˆ
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Sampling Distribution of the  

Estimated CPU and CPL 
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Sampling Distribution of the  

Estimated CPU and CPL 
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PDF plots of the Estimated CPU and CPL 
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Capability Testing Based on CPU and CPL 
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Acceptance Sampling Plans Based on Cpk 
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Designing a Sampling Plan 

• The acceptance sampling plan must have its OC 

curve passing through those two designated points 

(AQL, 1-α) and (LTPD, β). 

 AQL: Acceptable Quality Level 

 LTPD: Lot Tolerance Percent Defective,     

             also called RQL (Rejectable Quality Level) 
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Nomograph for Designing Attributes Sampling Plans 

Example 1: 

Given pAQL= 10 PPM and pRQL = 1000 PPM 

with α-risk = 0.05 and β-risk = 0.10 

 (n, c)=(2302, 0) 

Example 2: 

Given pAQL= 10 PPM and pRQL = 100 PPM 

with α-risk = 0.05 and β-risk = 0.10 

 (n, c)=(53224, 2) 
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Nomograph for Designing Variables Sampling Plans 
200 PPM 

2000 PPM 
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Designing a Sampling Plan based on Cpk 
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Designing a Sampling Plan based on Cpk 

• The cumulative distribution function of the estimated Cpk : 

• The probability of accepting the product can be expressed 

as 
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Designing a Sampling Plan based on Cpk 

• The plan parameters (n, c0) should be satisfied 

the following two conditions: 
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An Illustrative Example 

• In the contract, the CAQL and CLTPD are set to 1.33 

and 1.00 with α-risk = 0.05 and β-risk = 0.10. 

• That is,  
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Solution (n, C0):  
the interaction of S1 and S2 contour curves at level 0 

(n, C0)=(62, 1.1477) 
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Required Sample Size (n) and Critical Acceptance 

Values (c0) for various α and β risks with selected CAQL and CLTPD 
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An Illustrative Example (cont.) 

• Consider USL= 20 mm, LSL= 10 mm, and the target value 
is set to T = M = 15.  

• The required sample size and the acceptance critical value 
of sampling plan based on CAQL= 1.33 and CLTPD = 1.00 
with α = 0.05 and β= 0.10 are obtained as (n, c0) = (62, 
1.1447). 

 

• Based on the collected sample of size n = 62, we obtain 
that Cpkhat =1.093. 

• Thus, the consumer would “reject” the entire products 
since the sample estimator from the inspection, 1.093, is 
smaller than the critical acceptance value 1.1447. 
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Comments on Traditional Methods 

• We note that if existing sampling plans are applied 

here, it is almost certain that any sample of 62 

samples taken from the process will contain zero 

defective items. All the products therefore will be 

accepted, which obviously provide no protection to 

the buyer at all. 
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Conclusions 

• Acceptance sampling plans provide the buyer and the 
vendor a decision rule for product sentencing to meet their 
needs.  

• Since the sampling cannot guarantee that the defective 
items in a lot will be sampled and inspected, then the 
sampling involves risks of not adequately reflecting the 
quality conditions of the lot. Such a risk is even more 
significant as rapid advancement of the manufacturing 
technology and stringent customers demand is enforced. 

• A sampling plan based on the index Cpk is developed to 
deal with product acceptance problem. It can be applied to 
determine the sample size required for inspection and the 
corresponding acceptance criterion, to provide the desired 
levels of protection to both producers and consumers. 
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Recommendations 

• We remark again that these indices presented in the dissertation, 

are designed to monitor the performance for only normal and 

near-normal processes with symmetric tolerances (T = M= 

(USL+LSL)/2 ), which are shown to be inappropriate for cases 

with asymmetric tolerances.  

 

• PCIs can be used only after it has been established that the 

manufacturing process is under statistical control (stable).  

 

• Incorrectly applied and/or interpreted, these indices can generate 

an abundance of misinformation that will confuse practitioners, 

waste resources, and lead to make decision incorrectly.  
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Future Research Directions 

• For non-normal processes  

• For asymmetric tolerances (T ≠ M ) 

• For multivariate data 

• For gauge measurement errors problem 

• For imprecise/fuzzy data 

• For auto-corrected data 

• Other applications (e.g. supplier selection, 

acceptance sampling plans, MPPAC, …) 
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Thanks for your listening! 

 

Q & A 
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Available Sampling Plans by Variables for 

Controlling the Process Fraction Defective 
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Procedure 1 (k method) 
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Procedure 2 (M method) 


