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1.

(@) & (b).

*+ N; ~ binomial (n, p;)

~E(N;)=np;, Var(N;)=np,(1-p,).

(©).
(Nw Nj)~ multinomial (n, Pi: p,-)

_.,(Ni IN; :nj)~binomial(n—nj,1 i J

Hence,

Cov(N,,N,)=Cov[E(N,| Nj),NJ:Cov[(n—Nj)(]_p—ipjj,Nj}:—(lL]Var(Nj)
=—[%an,- (1=p;)=-np;p;.
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(d).

Letl — 1, ifthe i™ outcome do not occur.
' 10, otherwise.

r r

.'.E(glij:gE(li):ZP(Ni =0)=>(1-p,)"

i=1 i=1

2.
(@).

Let N,,; denote the number of flips until at least one head and one tail have been flipped.
N, denote the number of flips needed “after the first flip”.
1, if the first outcome is head.
{O, otherwise.



Since (N, | X =0) ~ geometric(p), and (N, | X =1) ~ geometric(1- p).

ZE(Ny )=1+E(N,)=1+EE(N, | X) =1+ E(N, | X =0)*(1-p)+E(N, | X =1)* p
-p, P
p 1-p

[HEN

(b) & (c).

Let N,, denote the number of flips that land on heads.
N, denote the number of flips that land on tails.

wE(N, X =0)=1 and (N, | X =1)=(N,| X =1) ~ geometric(1- p).

~E(N,)=EE(N,|X)=E(N,|X =0)*(1-p)+E(N, [ X =1)*p

p
—l-p+——.
P+,

(d).

Let N,,,,; denote the number of flips until at least two head and one tail have been flipped.

E(NZHlT): EE(NZHIT | X): E(NZHlT | X :0)*(1_ p)"‘ E(NZHlT | X :1)* Y
= (1+ E (until two head have been flipped))*(1- p)+(1+E(N,;))*p

- (1+%)*(1— p)+[2 +1_Tp+LJ* p.

1-p

3.

(a) & (b)



Let]. = 1, if only one type i in the final set.
'~ 10, otherwise.

n-1 n-1
E(1,)=P(1,=1)=EP(1, =1|T)= > P(I, =1|T:j)*P(T=j)=% P(1,=1|T = j)
j=0 j=0
_ist
njOn_J

The final equality follows because given that there are still n— j—1 uncollected types when
the first type i is obtained, the probability starting at that point that it will be the last of the
set of n— j types consisting of type i along with the n— j —1 yet uncollected types to be
obtained is, by symmetry, 1/n— j. Hence,

E@hj:nE(h):il.



